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a b s t r a c t
We consider the system of nonlinear wave equations
utt + ut + |ut |m−1ut = div(ρ1(|∇u|2)∇u)+ f1(u, v), (x, t) ∈ Ω × (0, T ),
vtt + vt + |vt |r−1vt = div(ρ2(|∇v|2)∇v)+ f2(u, v), (x, t) ∈ Ω × (0, T ),
with initial and Dirichlet boundary conditions. Under some suitable assumptions on the
functions f1, f2, ρ1, ρ2, parameters r,m and the initial data, the result on blow-up of
solutions and upper bound of blow-up time are given.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let Ω be a bounded domain with smooth boundary ∂Ω in Rn, n = 1, 2, 3. We investigate the initial boundary value
problem
utt + ut + |ut |m−1ut = div(ρ1(|∇u|2)∇u)+ f1(u, v), (x, t) ∈ Ω × (0, T ),
vtt + vt + |vt |r−1vt = div(ρ2(|∇v|2)∇v)+ f2(u, v), (x, t) ∈ Ω × (0, T ),
u = v = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,
v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ Ω,
(1.1)
wherem, r ≥ 1; ρ1, ρ2 are functions which satisfy for s > 0
ρi(s) ∈ C1, ρi(s) > 0, ρi(s)+ 2sρ ′i (s) > 0. (1.2)
fi(·, ·) : R2 → R2 are given functions satisfying:
(A1). Let F(u, v) = a|u + v|p+1 + 2b|uv| p+12 with a, b > 0, p ≥ 3 if n = 1, 2 and p = 3 if n = 3; f1(u, v) = ∂F∂u ,
f2(u, v) = ∂F∂v ; m, r ≥ 1. In addition, there exist positive constants c0, c1 such that for all (u, v) ∈ R2, F(u, v) satisfies
c0(|u|p+1 + |v|p+1) ≤ F(u, v) ≤ c1(|u|p+1 + |v|p+1). (1.3)
Problems of this type arise inmaterial science and physics, which have been studied bymany authors. For example, when
u0(x), v0(x) ∈ H10 (Ω), u1(x), v1(x) ∈ L2(Ω), Agre and Rammaha [1] established existence and blow-up results of problem
(1.1) with ρ ≡ 1 under the assumption (A1) when the initial energy E(0) is (positive) sufficiently small. In contrast with [1],
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the paper [2] emphasized the strong connection between the global well-posedness of the systemwith the theory of elliptic
equations and the well known Mountain Pass Theorem and obtained a result regarding the existence of a global solution
without enforcing the smallness of the initial energy assumption as in [1]. More recently, Han and Wang [3] extended the
results of [1] to the problem subject to a viscoelastic term. More results concerned with coupled systems can be found
in [4–7].
Concerning a single wave equation with ρ ≡ 1, Levine [8,9] first considers the interaction between the linear damping
and source term by using the concavity method. Levine showed that solutions with negative initial energy blow up in finite
time. Georgiev and Todorova [10] extended Levine’s result to nonlinear damping (|ut |r−1ut ). For related results, we refer
the reader to Messaoudi [11,12], Vitillaro [13] and references therein. In contrast with the papers and references mentioned
above, the paper [14]made no assumption on the damping at the origin (except for the continuity andmonotonicity) and put
no restrictions on a polynomial structure imposed on both nonlinear terms and damping. Bothwell-posedness and effective
optimal decay rates for the solutions of the semilinear model of the wave equation were obtained in [14]. In [2], the authors
proved the global existence and blow-up of solution for a nonlinear damped wave equation with the source term which
admitted an exponential growth at the infinity.
For ρ(s) ≥ b1 + b2sq, q ≥ 0, b1 + b2 > 0, Hao et al. [15] considered global existence and blow-up for a single wave
equation with damping and source term.
Motivated by the above research, we consider the coupled system (1.1), where
ρi(s) = b1 + b2sqi , qi ≥ 0, b1 + b2 > 0. (1.4)
We prove that the solution to the system blows up under some suitable conditions.
We give the local existence theorem first, which can be established by using the ideas of [16,10].
Theorem 1.1. Assume (A1) holds. Then for any initial data u0 ∈ W 1,2q1+20 (Ω) ∩ Lp+1(Ω), v0 ∈ W 1,2q2+20 (Ω) ∩ Lp+1(Ω) and
u1, v1 ∈ L2(Ω), problem (1.1) admits a unique local weak solution (u, v):
u ∈ L∞([0, T );W 1,2q1+20 (Ω) ∩ Lp+1(Ω)), v ∈ L∞([0, T );W 1,2q2+20 (Ω) ∩ Lp+1(Ω)),
ut ∈ L∞([0, T ); L2(Ω)) ∩ Lm+1(Ω × (0, T )), ut ∈ L∞([0, T ); L2(Ω)) ∩ Lr+1(Ω × (0, T )),
for some T > 0.
Set
Pi(s) =
∫ s
0
ρi(ξ)dξ, s ≥ 0, i = 1, 2.
Define the total energy of the system (1.1) by
E(t) = 1
2
(‖ut‖2 + ‖vt‖2)+ 12
∫
Ω
P1(|∇u|2)+ P2(|∇v|2)dx−
∫
Ω
F(u, v)dx. (1.5)
A simple computation gives
dE(t)
dt
= −‖ut‖2 − ‖ut‖m+1m+1 − ‖vt‖2 − ‖vt‖r+1r+1 ≤ 0. (1.6)
In this paper, we use ‖ · ‖ and ‖ · ‖p denote the usual L2(Ω) norm and Lp(Ω) norm, respectively. Our main results read
as follows. Firstly, we state the theorem concerned with the blow-up of solution to problem (1.1).
Theorem 1.2. Suppose that (u, v) is the solution of the system (1.1) satisfying (A1), (1.2) and (1.3). Assume p > max{2q1 +
1, 2q2 + 1,m, r}, the initial energy E(0) < 0 and there exists a constant τ such that b1q > Bτ2 , where q = max{q1, q2} and B is
the optimal constant of the Sobolev embedding H10 (Ω) ↩→ L2(Ω), i.e.
‖u‖ ≤ B‖∇u‖, ∀u ∈ H10 (Ω). (1.7)
Then the solution of this system blows up at finite time T ∗, and
T ∗ ≤ 1− α
γα
Ψ
α
α−1 (0)
where
0 < α < min

p−m
m(p+ 1) ,
p− r
r(p+ 1)

(1.8)
and Ψ (t) is given in (2.1) below.
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2. Proof of Theorem 1.2
Proof of Theorem 1.2. Define H(t) = −E(t), then E(0) < 0 and (1.6) give H(t) ≥ H(0) > 0. Define
Ψ (t) = H1−α(t)+ ϵ
∫
Ω
uutdx+
∫
Ω
vvtdx

, (2.1)
where α satisfies (1.8) and ϵ is small enough. Then
Ψ ′(t) = (1− α)H−α(t)H ′(t)+ ϵ(‖ut‖2 + ‖vt‖2)− ϵ
∫
Ω
(ρ1(|∇u|2)|∇u|2 + ρ2(|∇v|2)|∇v|2)dx
− ϵ
∫
Ω
(uut + |ut |m−1utu+ vvt + |vt |r−1vtv)dx+ ϵ(p+ 1)
∫
Ω
F(u, v)dx
= (1− α)H−α(t)H ′(t)+ ϵ(‖ut‖2 + ‖vt‖2)− b1ϵ(‖∇u‖2 + ‖∇v‖2)− ϵb2‖∇u‖2(q1+1)2(q1+1)
− ϵb2‖∇v‖2(q2+1)2(q2+1) − ϵ
∫
Ω
(uut + |ut |m−1utu+ vvt + |vt |r−1vtv)dx+ ϵ(p+ 1)
∫
Ω
F(u, v)dx. (2.2)
Since q = max{q1, q2}, from the definition of H(t), it follows that
− b2‖∇u‖2(q1+1)2(q1+1) − b2‖∇v‖
2(q2+1)
2(q2+1) ≥ 2(q+ 1)H(t)+ (q+ 1)(‖ut‖2 + ‖vt‖2)
+ (q+ 1)b1(‖∇u‖2 + ‖∇v‖2)− 2(q+ 1)
∫
Ω
F(u, v)dx. (2.3)
Substitute (2.3) into (2.2) to give
Ψ ′ = (1− α)H−α(t)H ′(t)+ ϵ(‖ut‖2 + ‖vt‖2)− b1ϵ(‖∇u‖2 + ‖∇v‖2)
+ 2ϵ(q+ 1)H(t)+ ϵ(q+ 1)(‖ut‖2 + ‖vt‖2)+ ϵ(q+ 1)b1(‖∇u‖2 + ‖∇v‖2)− 2ϵ(q+ 1)
∫
Ω
F(u, v)dx
+ ϵ(p+ 1)
∫
Ω
F(u, v)dx− ϵ
∫
Ω
(uut + |ut |m−1utu+ vvt + |vt |r−1vtv)dx. (2.4)
We now exploit Young’s inequality to estimate the last term on the right side of (2.4)∫
Ω
|u| |ut |dx ≤ τ2 ‖u‖
2 + 1
2τ
‖ut‖2,
∫
Ω
|v| |vt |dx ≤ τ2 ‖v‖
2 + 1
2τ
‖vt‖2,∫
Ω
|ut |m−1utudx ≤ δ
m+1
1
m+ 1‖u‖
m+1
m+1 +
mδ
−m+1m
1
m+ 1 ‖ut‖
m+1
m+1 ≤
δm+11
m+ 1‖u‖
m+1
m+1 +
mδ
−m+1m
1
m+ 1 H
′(t),
and ∫
Ω
|vt |r−1vtvdx ≤ δ
r+1
2
r + 1‖v‖
r+1
r+1 +
rδ
− r+1r
2
r + 1 ‖vt‖
r+1
r+1 ≤
δr+12
r + 1‖v‖
r+1
r+1 +
rδ
− r+1r
2
r + 1 H
′(t),
where δ1, δ2 are constants depending on the time t and specified later. Hence (2.4) becomes
Ψ ′ ≥
(1− α)H−α(t)− ϵmδ−m+1m1
m+ 1 −
ϵrδ
− r+1r
2
r + 1
H ′(t)+ ϵ(‖ut‖2 + ‖vt‖2)
+ b1ϵq(‖∇u‖2 + ‖∇v‖2)+ 2ϵ(q+ 1)H(t)+ ϵ

q+ 1− 1
2τ

(‖ut‖2 + ‖vt‖2)
+ ϵ(p− 2q− 1)
∫
Ω
F(u, v)dx− ϵτ
2
(‖u‖2 + ‖v‖2)− ϵ

δm+11
m+ 1‖u‖
m+1
m+1 +
δr+12
r + 1‖v‖
r+1
r+1

. (2.5)
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Since u, v ∈ H10 (Ω), we have ‖u‖2 ≤ B‖∇u‖2 and ‖v‖2 ≤ B‖∇v‖2, where B is the same as that in (1.7). So (2.5) takes the
form
Ψ ′ ≥
(1− α)H−α(t)− ϵmδ−m+1m1
m+ 1 −
ϵrδ
− r+1r
2
r + 1
H ′(t)+ b1ϵq(‖∇u‖2 + ‖∇v‖2)
+ 2ϵ(q+ 1)H(t)+ ϵ

q+ 2− 1
2τ

(‖ut‖2 + ‖vt‖2)+ ϵ(p− 2q− 1)
∫
Ω
F(u, v)dx
− Bϵτ
2
(‖∇u‖2 + ‖∇v‖2)− ϵ

δm+11
m+ 1‖u‖
m+1
m+1 +
δr+12
r + 1‖v‖
r+1
r+1

. (2.6)
If we let δ
−m+1m
1 = K1H−α, δ−
r+1
r
2 = K2H−α , where K1, K2 > 0 are specified later, then
δm+11 = K−m1 Hαm(t) ≤ K−m1 cαm1 (‖u‖p+1p+1 + ‖v‖p+1p+1)αm, (2.7)
and
δr+12 = K−r2 Hαr(t) ≤ K−r2 cαr1 (‖u‖p+1p+1 + ‖v‖p+1p+1)αr , (2.8)
since H(t) = −E(t) ≤ 
Ω
F(u, v)dx ≤ c1

Ω
(|u|p+1 + |v|p+1)dx, (see also (A1)).
Substituting (2.7) and (2.8) into (2.6), we have
Ψ ′ ≥

(1− α)H−α(t)− ϵmK1H
−α(t)
m+ 1 −
rϵK2H−α(t)
r + 1

H ′(t)+ ϵ

b1q− Bτ2

(‖∇u‖2 + ‖∇v‖2)
+ 2ϵ(q+ 1)H(t)+ ϵ

2+ q− 1
2τ

(‖ut‖2 + ‖vt‖2)+ ϵ(p− 2q− 1)
∫
Ω
F(u, v)dx
− ϵ

K−m1 c
αm
1
m+ 1 (‖u‖
p+1
p+1 + ‖v‖p+1p+1)αm‖u‖m+1m+1 +
K−r2 c
αr
1
r + 1 (‖u‖
p+1
p+1 + ‖v‖p+1p+1)αr‖v‖r+1r+1

. (2.9)
Noting that r < p,m < p, we have
‖u‖m+1m+1 ≤ C1‖u‖m+1p+1 ≤ C2(‖u‖p+1 + ‖v‖p+1)m+1,
and
‖v‖r+1r+1 ≤ C3‖v‖r+1p+1 ≤ C4(‖u‖p+1 + ‖v‖p+1)r+1,
where C1, C2 and C3, C4 are positive constants depending on |Ω|, p,m and on |Ω|, p, r , respectively. Thus
Ψ ′ ≥

(1− α)H−α(t)− ϵmK1H
−α(t)
m+ 1 −
rϵK2H−α(t)
r + 1

H ′(t)+ ϵ

b1q− Bτ2

(‖∇u‖2 + ‖∇v‖2)
+ 2ϵ(q+ 1)H(t)+ ϵ

2+ q− 1
2τ

(‖ut‖2 + ‖vt‖2)+ ϵ(p− 2q− 1)
∫
Ω
F(u, v)dx
− ϵ K
−m
1 C5c
αm
1
m+ 1 (‖u‖p+1 + ‖v‖p+1)
αm(p+1)+m+1 − ϵ K
−r
2 C6c
αr
1
r + 1 (‖u‖p+1 + ‖v‖p+1)
αr(p+1)+r+1, (2.10)
where the inequality (a+ b)λ ≤ C¯(aλ + bλ), a, b > 0 is used and C5 = C¯C2, C6 = C¯C4.
Since 0 < α < min{ p−mm(p+1) , p−rr(p+1) },we have 2 ≤ (p+ 1)αm+ m+ 1 ≤ p+ 1, 2 ≤ (p+ 1)αr + r + 1 ≤ p+ 1. Then
the inequality [6]
‖v‖sp+1 ≤ C(|Ω|, p)(‖∇v‖2 + ‖v‖p+1p+1), ∀v ∈ H10 (Ω), 2 ≤ s ≤ p+ 1 (2.11)
gives
‖u‖(p+1)αm+m+1p+1 ≤ C7(‖∇u‖2 + ‖u‖p+1p+1), ‖v‖(p+1)αr+r+1p+1 ≤ C8(‖∇v‖2 + ‖v‖p+1p+1), (2.12)
where C7, C8 are constants depending on |Ω| and p. Thus
Ψ ′ ≥

(1− α)H−α(t)− ϵmK1H
−α(t)
m+ 1 −
rϵK2H−α(t)
r + 1

H ′(t)
+ 2ϵ(q+ 1)H(t)+ ϵ

2+ q− 1
2τ

(‖ut‖22 + ‖vt‖22)
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+ ϵ

b1q− Bτ2 −
K−m1 c
αm
1
m+ 1 C5C7 −
K−r2 c
αr
1
r + 1 C6C8

(‖∇u‖2 + ‖∇v‖2)
+ ϵ

(p− 2q− 1)c0 − K
−m
1 c
αm
1
m+ 1 C5C7 −
K−r2 c
αr
1
r + 1 C6C8

(‖u‖p+1p+1 + ‖v‖p+1p+1), (2.13)
where F(u, v) ≥ c0(|u|p+1 + |v|p+1) and p > 2q+ 1 are used.
We choose K1, K2 large enough so that
b1q− Bτ2 −
K−m1 c
αm
1
m+ 1 C5C7 −
K−r2 c
αr
1
r + 1 C6C8 >
b1q
2
− Bτ
4
,
and
(p− 2q− 1)c0 − K
−m
1 c
αm
1
m+ 1 C5C7 −
K−r2 c
αr
1
r + 1 C6C8 >
c0(p− 2q− 1)
2
.
Then we choose ϵ small enough so that 1− α − mϵK1m+1 − rϵK2r+1 ≥ 0. Thus we have
Ψ ′ ≥ ϵ

2+ q− 1
2τ

(‖ut‖2 + ‖vt‖2)+ 2ϵ(q+ 1)H(t)+ ϵ

b1q
2
− Bτ
4

(‖∇u‖2 + ‖∇v‖2)
+ ϵc0(p− 2q− 1)
2
(‖u‖p+1p+1 + ‖v‖p+1p+1)
≥ η(‖ut‖2 + ‖vt‖2 + H(t)+ ‖∇u‖2 + ‖∇v‖2 + ‖u‖p+1p+1 + ‖v‖p+1p+1) ≥ 0, (2.14)
where η = min{ϵ(2+ q− 12τ ), 2ϵ(q+ 1), ϵ( b1q2 − Bτ4 ), ϵc0(p−2q−1)2 }. Hence for any t ≥ 0,
Ψ (t) ≥ Ψ (0) = H1−α(0)+ ϵ
∫
Ω
(u0u1 + v0v1)dx > 0. (2.15)
On the other hand, applying Höder’s inequality, Sobolev’s embedding theorem, Young’s inequality and (2.11), we obtain∫
Ω
uutdx+
∫
Ω
vvtdx
 11−α ≤ C[‖u‖ 11−α ‖ut‖ 11−α + ‖v‖ 11−α ‖vt‖ 11−α ]
≤ C[‖u‖
1
1−α
p+1 ‖ut‖
1
1−α + ‖v‖
1
1−α
p+1 ‖vt‖
1
1−α ]
≤ C(‖u‖
2
1−2α
p+1 + ‖v‖
2
1−2α
p+1 + ‖ut‖2 + ‖vt‖2)
≤ C(‖ut‖2 + ‖vt‖2 + ‖u‖p+1p+1 + ‖v‖p+1p+1 + ‖∇u‖2 + ‖∇v‖2), (2.16)
where C is a generic positive constant which can be different from line to line. Thus
Ψ
1
1−α (t) =
[
H1−α(t)+ ϵ
∫
Ω
(uut + vvt)dx
] 1
1−α
≤ C

H(t)+
∫
Ω
uut + vvtdx
 11−α

≤ C(‖ut‖2 + ‖vt‖2 + H(t)+ ‖u‖p+1p+1 + ‖v‖p+1p+1 + ‖∇u‖2 + ‖∇v‖2). (2.17)
A combination of (2.14) and (2.17) gives
Ψ ′(t) ≥ γΨ 11−α (t), (2.18)
where γ is a positive constant.
A simple computation yields Ψ α/(1−α) ≥ 1
Ψ−α/(1−α)(0)− γαt1−α
, which implies that the solution blows up in a finite time T ∗,
with
T ∗ ≤ 1− α
γαΨ α/(1−α)(0)
.
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